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storend aus, so da} die Geschwindigkeit erst in gro-
Berer Entfernung von der Entladungsstrecke gemes-
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gen noch kaum vor. Auch das Abklingen des Plas-
mas lafit sich mit Mikrowellen deutlich sichtbar

sen werden kann. Andererseits ist der Nachweis die-
ser Vorionisation ein sehr interessantes Neben-
ergebnis. Verschiedene Autoren # haben die Existenz
einer solchen Vorionisation zur Erklarung ihrer Re-
sultate angenommen. Experimentelle Ergebnisse lie-

machen, wihrend Trommelkamera und Multiplier in
diesem Fall als Diagnostikmittel versagen.

4 E. A. McLean, C.E.Fanevrr, A.C.Kors u. H.R. Griem,
Phys. Fluids 3, 843 [1960].
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The separative power of an infinitesimal counter current element is expressed in terms of radial
parameters. It is shown that the separative power is independent of the value of the radial product
stream; arbitrarily chosing this to be zero (i. e. “balanced diffusion”) makes it possible to calculate
the optimum radial isotope velocities and the axial profile directly from the diffusion and continuity
equations.

As an illustration of the method, the optimum axial flow profiles and maximum separative powers
of gas centrifuges and thermal diffusion columns are calculated, and compared with known results.
In the case of the gas centrifuge, the effect that axial back diffusion has on the optimum profile
and maximum separative power, is calculated. The variation of the separative power with different
axial profiles is determined for the thermal diffusion column. It appears that the natural convection
induced axial profile, which is used presently in thermal diffusion columns, gives a small fraction
of the maximum separative power. Calculations indicate that a column with a static separative
region (and boundary flows) will approach the maximum separative power and will be well suited

for measurements of collision parameters.

The isotope separative mechanisms are capable of
producing only small changes in enrichment per
stage; the elementary separative effect can, however,
be considerably enhanced if use is made of a col-
umn. In a column, a large number of stages are
effectively connected in series by counter current
(axial) isotope streams, which move at right angles
to the separative effect (radial). The one stream is
progressively enriched in the light isotope during
the traverse through the column, while the other
stream is enriched in the heavy isotope.

The concept of “separative power” is introduced
in order to evaluate the isotope separation capability
of columns. The separative power of a column is a
function of the number of stages in a cascade which
are replaced by the column. It is desirable in the

* On attachment from the South African Atomic Energy
Board, Pretoria.

1 K. P. Coren, The Theory of Isotope Separation as Applied
to the Large Scale Production of U2, McGraw Hill, New
York 1951.

design of columns to be able to determine the con-
ditions which make the separative power of the col-
umn a maximum.

In the method currently used ! 2, the differential
equation which describes the operation of the col-
umn, is brought into the same form as the “funda-
mental equation of isotope separation”, describing
the operation of cascades. The optimum operating
conditions of the column are then derived within
this framework.

The optimization method discussed in this report
considers a column of unit height. The radial cur-
rents and isotope concentration gradients (which
optimise the separative power in the column) are
established, and then axial flows are introduced to
maintain them. This methods of optimization not

2 K. P. Coxkx, Int. Symposium on Isotope Separation, North-
Holland Publishing Company, Amsterdam 1957.
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only seems to be simpler to use in practice (than
the previously described method), but also retains
a far clearer picture of the physical mechanisms in-
volved.

1. Theory

The separative power dU per unit volume in a
centrifuge has been given by Conen! in his equation
(6.21). Generalized for any type of column, the
expression is

_ Jy-grad N 3
dU = =M moles/cm? sec. (1)
where N =molar fraction of component 1, J;=
cN(v,—v), v=Nv;+(1-N)v,, c=concen-

tration, ¥ = velocity.

If axial back diffusion is neglected, it follows
from (1) that the separative power 0U" of a col-
umn of length [ and inner and outer radius r, and
Toris

where 71, and 74, are the components of the trans-
port of component 1, and P, and P, are the com-
ponents of the transport of the mixture (“product
stream”) in axial and radial directions respectively.
Since a stationary state is considered, and since
matter is conserved, it follows from (2 a) that

(r1,—N Py) N

N(1—N)? or (28)

dr moles/sec.

l
SU’ = (r1z—N Py) 737NA

N2(1—N)2 3z {21}

dz moles/sec.
In isotope separation columns, the basic separative
mechanisms operate in the radial direction: the
centrifugal field in the gas centrifuge, and the tem-
perature gradient in the thermal diffusion column
act radially. The basic diffusion equations for the
separative processes are thus also expressed in terms
of radial currents and concentrations. It was found
that the calculation of optimum axial flow profiles,
and the ensuing maximum separative powers, is con-
siderably facilitated if equation (2a) is used in
preference to (2b). The following procedure of
evaluation was adopted.

Because for our argument the length of the col-
umn is of no importance we restrict ourselves to a
column of unit height.

For a binary mixture, 7y, and P, are given by:

tr=2aNp,rvyRT, (3)
P,=2a[Nv;+ (1 —N) v] pg7/RT (4)
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where v; and v, are the radial velocities of com-
ponents 1 and 2, respectively, (cm/sec), p, is the
gas pressure, /N is the mol. fraction of component 1
in the gas, R is the gas constant, T is the gas tem-
perature.

In the various isotope separation processes, the
radial isotope concentration gradients are generally
given by an equation of the form:

ON/3r=A—B (v, —v,) (5)

where A4 is the maximum concentration gradient,
which occurs when v; and v, are zero, B is the re-
duction of the gradient caused by the isotope velo-
cities.

Substitution of equations (5), (4) and (3) in
(2a) gives:
7o

’ r A 1 aN SN
ol :2:[_/RT]5‘:1—N) [B "B ar]"ar a0}

To
The maximum separative power occurs when the
radial concentration gradient has its optimum value
throughout the separative region. Differentiation of
equation (6) with respect to the gradient, and equat-
ing to zero for the maximum gives:

(aN/ar)opt.Z%A- (7)

For equations (7) and (6), the maximum separative
power is obtaitned as:

Per (A)"’ldr. (8)

Te
SU’ =2,f .
U'mas. & RTNQA-N) \2) B

Ty

Substitution of equation (7) in (5) gives the opti-
mum radial velocities as:

(v4 —vs) opt. = A/2 B. (9)

From equation (8) it is seen that the maximum
separative power is not dependent on the value of
P,, so that its value can be chosen arbitrarily. In
particular, if P, is zero (“balanced diffusion) the
optimum value of v, can be calculated immediately
from equations (9) and (4) as:

(vl)opt.=A(1—N)/2B. (10)

Balanced diffusion operation is attractive in practice
since the axial circulation velocity and axial pres-
sure remain constant.

The axial velocity distribution in the separative
region, and at the boundaries, is calculated by con-
sidering equation (10) in conjunction with the con-
tinuity equations. For balanced diffusion in a cylin-
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Fig. 1. Flow velocities in column.

drical column with a separative region between radii
ro and r. (as shown in Fig. 1), the continuity equa-
tions are:

ON . »wN T 3 (.Bis,?lﬂ) -0, (11)

7 r pg Or d:
__ 2arn lV 0 Pgo V19
Go RT@N/3z) te
75 TS 2@ re Ne Pge vic (13)

RT(3N/32)

where w is the axial gas velocity at radius r in the
separative region (cm/sec), G, and G, are the gas
flows at the boundaries of the separative region
(g-moles/sec), Ny, N, vy and vy, are the mol.
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fractions and isotope velocities of component 1 at
ro and r. , respectively.

Axial back diffusion was neglected in the deriva-
tion of equations (11), (12) and (13).

The optimum flow profile is calculated by sub-
stituting equations (10) and (7), and an equation
for the pressure or temperature distribution in the
column, into equation (11). The maximum separa-
tive power is calculated by substituting the equations
for the temperature and pressure distribution in
equation (8).

To illustrate the procedure, the optimum flow
profiles and maximum separative powers of counter
current gas centrifuges and thermal diffusion col-
umns are determined, and compared with known
results. The changes caused by axial back diffusion
on the profile and separative power of the gas cen-
trifuge are also considered. For the thermal diffu-
sion column, the separative power is calculated for
profiles other than the optimum to determine wheth-
er the optimum profile must be exactly reproduced
in practice.

Calculations similar to these were initially per-
formed for mass diffusion columns; since no pub-
lished data on its optimum operation are available,
these calculations will be reported when results of
an experimental investigation (presently being con-
ducted) are available.

2. Application to gas centrifuge

2.1 Diffusion equation

The general diffusion equation of a binary mixture can be put in the form 3:
NA=N)(=v) _ _ [N _pn(1_ -M,) @ 1 er)
Dy =7 \ar M-I =My o e or |
where D, is the coefficient of the diffusion (cm?/sec), w is the rate of the rotation (radians/sec), M,
and M, are the masses of the isotopes 1 and 2, respectively, kr is the thermal diffusion ratio, kr=
N(1—N) H(M;—M,)/(M;+M,), and H is the function containing the collision parameters.

(14)

2.2 Optimum profile in the centrifuge

For isothermal operation in the gas centrifuge, equation (14) indicates that the values of 4 and B in
equation (6) are:

A.=N(Q1—-N)(M;—M,) ©*r/RT, B.=N(Q1—-N)/D,,, (15), (16)
The optimum radial concentration gradient is obtained from equations (15) and (7) as:
(ON/Ar) opt.= 3 N(1L—=N) (My—M,) 0®r/RT. (17)

3 S. Cuapman and T.G. Cowring, The Mathematical Theory
of Nonuniform Gases, 2nd edition, Cambridge University
Press, Cambridge 1952, p. 244.
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For balanced diffusion the optimum radial velocity is obtained from equations (16), (15) and (10) as:

vyopt.=D1a(1—N) (My — M) 0*r/2RT.

(18)

The pressure distribution in the centrifuge is given by:

Opg/Ar=0w?r,

o= (M, N+ (1—N) My] p/RT =M pg/RT

(19), (20)

where ¢ is the density of the gas (g/cm®), M is the average mass of the isotope molecules.
For operation at constant temperature, the product of the diffusion coefficient and the density is a con-

stant, i. e.:

D = 0 D, ~constant.

(21)

The optimum profile can now be calculated by substituting equations (21), (19), (18) and (17) in equa-

tion (11). This gives:

_ D _ _N) 2 M) 172N et
and Qw_—(—(—a}—v/aT) (My—M;) N(1—N) RT[1+(M1 M,)

The last term in equation (23) is generally small
in comparison with 1, so that the product o w is not
a function of the radius. The optimum flow profile
thus requires that the axial mass flow is constant at
all radial positions. This result has also been derived
by Los .

The maximum separative power in the absence of
axial back diffusion is calculated by substituting
equations (19), (16) and (15) in equation (8):

2M| 2RT &)

which is similar to the result given by Grors ®.

2
SU — D[ Mi—M, w2] (re—ro%)

2.3 Optimum flow profile with axial back diffusion

It is desirable to ascertain whether axial back dif-
fusion influences the optimum flow profile. The
equation for axial diffusion in the separative region

288 _ 3N _ NQ-—N)
% T D, (Wimw)

where w,; and w, are the axial velocities of compo-
nents 1 and 2 (in the separative region).

The molecular flow continuity equations for com-
ponents 1 and 2 are given by:

_ 8 _mN 1 3
VS;(WIN)_ r +pg or

— 2 [wp(1-N)] = 20=0
+ 10 (=N pe (26)

where constant axial pressure, but not radial balanc-
ed diffusion has been assumed.

(24)

(viNpg), (25)

4 J. Los, Int. Symposium on Isotope Separation, North-Hol-

land Publishing Company, Amsterdam 1957.

+ 12N - my)

(22)

w?r?
2 ﬂ7}

2 4RT) (23)

Addition of equations (26) and (25) gives:
— 2w N+ w(1-N)] =f(r),
J(r) = uNtnd—N)

—i-f,];ai{[le—i-vg(l—N)] Pg} (27)
Pg ©Or

where f(r) is a function of r only.
Integration of equation (27) with respect to z

gives: wy N+we(1—N) =f(r) 2+ C,4 (28)

where Cj is the integration constant. The left hand
side of equation (28) is the mean axial velocity of
the gas w, , since:

(29)

Because the gas pressure was assumed to be invari-
ant in the z-direction, w, must also be independent
of z for flow continuity, and hence f(r) =0. This
occurs with radial balanced diffusion, as can be
seen from equations (27) and (4), with P,=0.
Substitution of equation (29) in (24) gives:

(30)

wg=w; N+wy(1—N).

Multiplication by N and differentiation with respect
to z gives:
_3 = gL N
3 (wyN) = —w, 3 + Dy, "
Substituting from equations (25), (22) and (11)
gives:
_92N[oa
ON/3z

weg=w+ D5 (31)

5 W.Grorn, Separation of Isotopes; editor: H.London George
Newnes Ltd., London 1961.
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where w, and w are the optimum axial velocities
with and without axial back diffusion.

Axial back diffusion thus affects the profile, be-
cause D;, is a function of the pressure and there-
fore of the radius. The degree of distortion depends
on the ratio of the first and second derivates, which
are functions of 71, and P,. This can be shown as
follows: Consider a column in which r, is small, and
in which the boundary flow beyond r, has a constant
area 7t(r2 —r.2) ; rp, — 1 is the radial width in which
the boundary flow occurs. The flow velocities in the
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boundary for the conditions of radial balanced dif-
fusion and constant axial pressure, can be calculated
by the same method as w, and w;. The boundary
velocities are:

_ 2arcvicNe M
Wee= & 7 (r2—rc2) ON/3z 12°3N/3z (52)
D
Wel = Wge — 7]\;3 Vaag (33)

where wyg, is the velocity of the gas in the boundary,
w1 is the velocity of component 1 in the boundary.
The material transports are given by:

Ty, = WclNch;J;(sz—fJ) + /'27”1;\7;75"01 dr, (34)
2 Tie
P Wgcgc‘;z(;g—rc-) +f 27:;17;14:,; Jr. (35)
Substitution of equations (30) to (33) in (34) and (35) gives:
sz%]:,— =021—C22( 88]:() +Cos 882212\’ , P aaN =Co+ C22 o N (36), (37)
Ne
where Cyy= (27 r N2 (L—No) (My —My) 55 — 4 /N(l +9) av|-
Te N‘
Co= D ant, Cy= %[n(rbg—rf) Nc+2n/rNdr},
0 5
Cou= D [27rENo(1=No) (My—My) 5% 4 [(L+v) aN |, w= 120 (ot — ) 277
7

It was assumed in the derivation of equations (36) and (37) that the first and second derivatives of N
with respect to z do not vary appreciably with the radius.
The second derivative can be eliminated from equations (36) and (37), giving:

AN\ [ 71—Cyy P\ BN (c23 Cie ) 1
( Oz ) - ( Co, ) oz N (o 621 Cp e (38)
Solution of the quadratic equation gives:

ON _ _ (12=CxP: V(le—cza P2)? _ CssCoy G |

8 ( 2 Cy ) 4(C)? €)? " Ca &l

Comparison of equations (37), (39) and (31) indicates that the optimum profile is dependent on the
product streams. The influence will be most pronounced near the outer periphery of the centrifuge.

2.4 Separative power and maximum axial gradient  (8U”) with gittusion = (0U’) without dittusion
in the presence of back diffusion C (2N )2 Cy3—N Cyy 2N
T Ma-N)2 ( N2 (1—N)? 3z2

The separative power in the presence of axial
back diffusion can be calculated by substituting
equations (36) and (37) in (2 a).

Comparison of the resulting equations with equa-
tion (23 a), in which axial back diffusion is neglect-
ed, indicates that:

C NC
where 0U’ = Nz;(l N;; .

Since Co3 22 N Cyy

(OU") = (8U') — — C=

AN \2
N2(1—N)? (ﬁ) : (40)
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The maximum axial gradient occurs at total reflux
when 7;,=0 and P,=0. 0U” is then also zero. The
maximum axial gradient can be obtained from either
equation (40), or equation (39), as

<azv) _ NA=N) (g gy @trd

9z V2 2RT i

3. Application to thermal diffusion columns
3.1 Optimum profile
For constant total pressure operation in the ther-
mal diffusion column, equation (14) indicates that
the values of 4 and B in equation (5) are:

AT:_N(l_N)H(nll:M,) 1,37

M+M,) T  3r (8

Br=N(1—N)/D,s. (43)

The optimum radial concentration gradient is ob-
tained from equations (7) and (42) as

(azv) __ NQ-N) H(Ml—Mz) 1 3T
ar opt o 2

M+M,) T 3r
The optimum radial velocity for belanced diffusion
is obtained from equations (10), (42) and (43) as:

D, 3T H( Ml—ﬂz,) (1—N). (45)
2T or M+M,

The temperature distribution in thet column is cal-
culated by considering only heat conduction through
the gas since convection currents do not generally
contribute appreciably to the heat transfer. For a
constant coefficient of heat conductivity in the gas,
the temperature distribution is given by:

. (44)

(vl) opt. = —

r(32T/3r?) + (3T/3r) =0. (46)
Integration gives oT/r=C,/r (47)
and T=Ci{lnr+0C, (48)
where Cy=(Ty—Te)/In(ro/rc),

Co=Ty—Ci;Inr,.

I. E. BOCK

The diffusion coefficient varies approximately as the
square of the temperature if the pressure is con-
stant 6.

D12:C4 T2. (4‘9)

The axial profile can be calculated by substituting
equations (44), (45), (46), and (49) in equation
(@1
AN _ C,C2 s My—M, \2
s H (MIJFMZ) N(1-N)(1-2N).
(50)

Equation (50) indicates that w is very small (of
second order) and varies as the inverse of the radius
squared. CoHeN 7 has estimated a static region. If a
linear variation of the diffusion coefficient with
temperature is assumed, then the power of r is re-
duced to approximately —1.5, and w has a first
order magnitude.

3.2 Boundary flows

The relative magnitudes of the axial molecular
flows in the separative region and in the boundaries
were calculated.

The total flow Gy, produced by w is given by:

r

'Can rdr
G\\'=j”' pg""'-

RT o

From equations (45), (12), (13), (46), (47) and
(50) the axial flows are calculated as:

G\\'§03 GO=Q= Gcz_o (52)

aN(Q1—N) C, C, o [ My—M,
where Q= ""2 3n/a2) H(’M{JFM'J g
This indicates that the axial streams generally have
the same order of magnitude for all ratios of the
diameters and for all values of ry. It is generally
thought that G, becomes insignificant in comparison
with the other two axial streams when ry is small.

3.3 Maximum separative power

The maximum separative power is calculated by introducing equations (43), (44) and (47) in (8)

and integrating.

8L — = H( Ml:]‘!z)

2 M,+M,

erpgDm IojTC In T,

1 )
RT? In(re/ry) Te 55)

3.4 Separative powers of columns with different flow profiles

a) Static separative region

The separative powers of columns with profiles other than the optimum were also calculated. Firstly,
an alternate approach was used for the column in which there is no axial gas-movement in the separative

5 Reterence 2, p. 248.

7 Reference !, p. 132.
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region (i.e. w=0 and boundary flow). In the separative region the radial flow of each isotope 7y, is a
constant and hence from equation (3)

N(rv,/T) =C5=11, R/2 7 py 2 constant . (54)
The radial concentration gradient is given by equation (14). For balanced diffusion
TN N AR 5)
Substituting equations (47), (49) and (54) in equation (55) gives
%’r! = [%i +N(1—N) H( %;%z)clj ey (56)

The separative 0U"” is obtained by substituting equations (54) and (56) in (2b). Integrating (considering
N a constant) gives:

m_ _ 27pg G [ G & M —M, T,
U™ = — =" aowe [clc. el N)H<M1+Mz )] " e (>8)

The maximum value of equation (57) is

sU" - — 305 Dig_To=To H2(M1—M2)'2[lnl'o] (58)

mAX 9 R T2 In(refry) M,+M, P
- _ GG < MM,
and occurs when Cs;= > N(1-N) H( T ) . (59)

A comparison of equations (58) and (53) in- Wk
dicates that 0Upy,x = O0U ¢, and hence, the change of Wk
profile has not affected the maximum separative Al
power that can be attained (when neglecting second i
order terms) :

(a) 0 -

b) Natural convection axial circula-
tion

()

The maximum separative power was also estimat-
ed for a column in which the axial circulation is
induced by natural convection. This is the con-
figuration generally used in practice. The separative
power with such a profile appears to be only a small
fraction of the maximum attainable (with the opti-
mum profile). Calculations of U’ are made com- (c)
plicated by the severe boundary conditions (i.e.
w=0 and v; =0 at ry and r.). The behaviour of the
column was determined graphically, as is shown in
Fig. 2. (d)

A natural convection induced axial flow profile
(calculated form the NaviEr—StokEs equations) is
shown in Fig. 2 a; the ratio of the radii is 20 and (e)
Ty>=2T,. The radial isotope velocity v; was esti-
mated from the continuity equation. The following

conditions were used: Fig. 2. Radial parameters with natural convection axial circu-
Ay 5 lation. a) Axial gas velocity. b) Radial velocity of isotope

1 ST fon — w2t o N[ 2y component 1. ¢) Radial concentration gradient of compo-
) & Uity equano oz r i or /)’ nent 1. d) Radial concentration of component 1. e) Axial flow.
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2) (vy)max occurs when Ov,/Cr=0;
(v) max= —brw, where b= lefaa]zl,

3) when v;=0; —bw=(Jv,/3r);

v;=0 at r=ry and r,
4) when w=0; wv,=—r(3v,/0r).

The radial concentration gradient (Fig.2c) and
concentration were then plotted using the diffusion
equation (55). The effective radii of the upward
and downward heavy isotope currents were estimat-
ed from Fig.2e and inserted as vertical arrows in
Fig. 2 d. It was immediately obvious that the diffe-
rence in concentration between the upward and
downward heavy isotope currents is only a small
fraction of the total radial change that occurs. The
difference in concentration between the axial cur-
rents is further a function of the shape of the natural
convection profile. These two factors may explain
why measurements of collision parameters in col-

8 Reference 3, p. 400.
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umns with natural convection axial circulation are
not of high accuracy®. A column with a static se-
parative region and boundary flows will be more
suitable for this purpose. The results of such a col-
umn should be of high accuracy, particularly of the
exact equation for the temperature variation of the
diffusion coefficient, equation (49), is used. The
proposed column will also be a more efficient pro-
ducer of small amounts of enriched isotopes in the
laboratory.
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